
Astro 7A – Problem Set 11

1 Air Conditioners, Airplanes, and Atmospheric Sta-

bility

Airplanes cruise at altitudes of 10 km above sea level. The outside air at this altitude is at

a pressure p ≈ 264 millibars, and at a temperature T ≈ 223 K.

(a) Would the air outside the airplane, if adiabatically compressed, be suitable for use in

a plane’s passenger cabin? Take the ratio of specific heats of air to be γ = cp/cv = 7/5,

appropriate for classically excited, rigid diatomic rotating molecules.

(b) Based only on your answer in (a), would you conclude that the Earth’s atmosphere below

10 km altitude is stable or unstable to convection? In other words, is the actual temperature

gradient in the lower atmosphere sub-adiabatic or super-adiabatic?

2 Cooling Molecular Clouds and Star Formation

Consider the gravitational collapse of a ∼1 M⊙ clump of gas and dust of radius ∼0.1 pc.

Assume the temperature of the cloud is such that the cloud is marginally Jeans-unstable.

The gas consists predominantly of molecular hydrogen.

As the cloud collapses inward, its density increases. In the absence of cooling mechanisms,

the gas will heat adiabatically. If the temperature rises too quickly compared to the increase

in density, the cloud will become Jeans-stable, cease to collapse, and fail to form a star.

Fortunately, efficient cooling mechanisms are present in today’s interstellar medium. Most

notable among these is cooling by dust grains. Hot gas molecules can collide with dust grains

and heat them conductively. The dust grains can then radiate away this energy by thermal

emission of infrared radiation (provided the cloud is optically thin to this infrared radiation.)

The cloud can stay Jeans-unstable if the timescale for cooling is shorter than the timescale

for gravitational contraction (the latter is the same as the heating timescale). That is, the

collapse can proceed nearly isothermally rather than adiabatically, if cooling mechanisms are

efficient.

(a) What is the timescale for gravitational contraction of a cloud of mass density ρ? This

is the time it takes for the cloud to decrease its radius by about a factor of 2. (We did this

problem for a previous problem set.)
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Express your answer in terms of G (the gravitational constant) and ρ.

(b) What is the timescale for cooling? This is the time for a hot gas molecule to collide

with a dust grain. Assume canonical parameters for the interstellar medium today: dust

is in the form of spheres of radius r = 0.1 µm, each sphere has an internal mass density

ρp ≈ 1 g cm−3 (this is of order the density of all ordinary, uncompressed bulk matter in the

universe—including human beings), and the volumetric mass density of dust is ρd ≈ Zρ,

where Z ≈ 10−2 (also called the metallicity of the gas).

Assume the velocity of dust grains is small compared to the velocity of hydrogen molecules.

Express your answer symbolically in terms of r, ρd, ρp, T (the temperature of the gas

molecules), µ (the mean molecular weight of gas), mH, and k (Boltzmann’s constant).

(c) Initially, the cloud is marginally Jeans-unstable; that is, its mass is just slightly above the

Jeans mass. At this moment, which is shorter, the cooling time or the contraction (heating)

time?

Note that I have not given you a temperature T . Use the fact that the cloud is marginally

Jeans-unstable to solve for T .

(d) Explain why you might or might not expect to maintain the inequality of timescales

found in (c) as the cloud collapses. Is this calculation promising for the formation of stars?

3 Neutron Ball

Assume a neutron star of mass M , consisting entirely of neutrons, has a mass density profile

that is linear with radius r:

ρ(r) = ρc [1 − (r/R)] (1)

where ρc is the central density and R is the full radius of the neutron star.

Assume the star is supported solely by the pressure of completely degenerate (zero temper-

ature), non-relativistic neutrons.

(a) Derive an exact symbolic expression for M in terms of ρc and R.

(Throughout this class so far, we have contented ourselves with approximate, order-of-

magnitude expressions. But this problem is asking for an exact answer. It is possible to

get an exact answer by using our assumption of a linear density profile ρ(r). You will have

to integrate.)
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(b) Derive an exact symbolic expression for the central pressure Pc at r = 0, in terms of M

and R.

(Again, you will have to integrate to get an exact answer.)

(c) Write down the equation of state for degenerate neutrons. That is, write down the

pressure P as a function of the density ρ and fundamental constants.

Work by analogy using the equation of state for degenerate electrons:
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The situation here is identical, except that we are considering neutrons instead of electrons.

(d) Combine (a), (b), and (c) to find a symbolic expression for R as a function of M . ALSO

evaluate R for M = 2M⊙.

(e) Here is one way to estimate the maximum mass that a neutron star can have, Mmax,

before it collapses into a black hole. (It is essentially the same line of reasoning that leads

to the maximum mass of a white dwarf, a.k.a. the Chandrasekhar mass).

If the mass of the neutron star becomes too large, the neutrons inside become relativistic

(i.e., they start travelling at speeds close to the speed of light). As we saw in lecture, this

leads to dynamical instability.

A rule of thumb for when a neutron becomes relativistic is when its kinetic energy equals

its rest mass energy, mnc
2 = 940 MeV. Calculate the neutron star mass Mmax for when this

happens, in units of M⊙.

(f) Here is another way to estimate Mmax. Set the expression for the radius you derived in

(d) to the Schwarzchild radius of a black hole and solve for M = Mmax, in units of M⊙. You

should get an answer comparable to (but not exactly equal to) (e).

4 Glitch

Glitches are sudden changes in the rotation period of a pulsar.

Glitches are thought to be caused by “starquakes”—a sudden change (“crack”) in the struc-

ture of the star.

In one glitch experienced by the Vela pulsar, the rotation period P changed from P1 =

89.26115 seconds to P2 = 89.26095 seconds.
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The spin angular momentum of the neutron star is conserved during a glitch, because the

star is not subject to any external torque. To get a rough sense of how big the “quake” is,

simplify the glitch as arising from a sudden change in the overall radius of the star. That is,

assume that the period changed from P1 to P2 because the radius changed from R1 to R2.

(a) Assuming the star is of uniform density, derive a symbolic expression for the fractional

change in the radius of the star, ∆R/R1, in terms of ∆P/P1.

You may assume that both fractional quantities are ≪ 1. Your expression should be exact

to first order in both quantities.

(b) Evaluate ∆R when R1 = 10 km, and ∆P/P1 as given above for the Vela glitch.

5 The Mystery of Supersoft X-ray Sources

In the 1990s, the ROSAT X-ray satellite discovered soft X-ray sources characterized by

luminosities ∼1037 erg s−1. Their spectra—as measured by flux density Fν (flux detected at

Earth per unit frequency interval)—resembled blackbodies and peaked at photon energies of

about 100 eV. They were dubbed “supersoft X-ray sources.”

The X-ray sources are known to be binary systems in which a compact object is accreting

mass from a normal, solar-type star. Once upon a time, before the compact object was a

compact object, it was also a normal, solar-type star—but of somewhat greater mass than

its companion, which is why it evolved faster and became a compact object first.

The maximum mass of a star is roughly ∼102M⊙. More massive stars don’t exist because

radiation pressure would blow them apart; their masses are limited by the Eddington limit

and dynamical instabilities driven by radiation pressure.

Deduce from this information whether the compact object is most likely to be a white dwarf,

a neutron star, or a black hole. Explain your reasoning.
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