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ABSTRACT

Results are presented of integrations of a representative sample of thousands of test bodies in the Kuiper belt
for times up to the age of the solar system. Using this survey, the main regions of dynamical stability (and
instability) are mapped out as a function of the particles” semi-major axes, eccentricities, and inclinations.
Much of the dynamical structure is shown to be correlated with mean motion and secular resonances. Weak
dynamical instabilities are confirmed to be capable of producing an influx of Neptune-approaching bodies
even on Gyr time scales. The integrations are also compared with current observations of bodies in this
region. Implications for the early evolution of the Kuiper belt, its current structure, and the origins of
short-period comets are discussed. © 1995 American Astronomical Society.

1. INTRODUCTION

The trans-Neptunian region of the solar system has be-
come the focus of considerable interest, mainly due to the
detection of dozens of 100 km sized bodies beyond Nep-
tune’s orbit (see Jewitt & Luu 1995). This set of discoveries
has substantiated arguments dating back over 40 years that
the disk of planetesimals that formed the planets should ex-
tend past Neptune (Edgeworth 1949; Kuiper 1951). This
hitherto hypothetical trans-Neptunian disk is currently called
the Kuiper belt.

The search for objects in the Kuiper belt was prompted in
part by the suggestion that the Kuiper belt is the source of
short-period comets. Fernandez (1980) first suggested that
such a belt of distant icy planetesimals could serve as the
source of the short-period comets and would be more dy-
namically efficient than evolving long-period comets inward
as first suggested by Newton (1893; see also Everhart 1972,
1977). Duncan et al. (1988) strengthened this argument by
performing dynamical simulations which showed that a
cometary source with a low initial inclination distribution
was far more consistent with the observed orbits of the short-
period comets than the randomly distributed inclinations of
comets in the Oort cloud (see also Quinn et al. 1990). Argu-
ments associating the Kuiper belt with the origin of short-
period comets have been dramatically bolstered by the detec-
tion of a population of ~2X 108 bodies of radii ~10 km in a
highly flattened distribution in this region (Cochran et al.
1995).

Duncan et al. (1988) and Quinn et al. (1990) left as an
unsolved issue the process of the evolution of objects from
low-eccentricity orbits in the Kuiper belt to planet crossing
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orbits. Torbett (1989) performed direct numerical integration
of test particles in this region including the perturbative ef-
fects of the four giant planets, although the planets were
taken to be on fixed Keplerian orbits. He found evidence for
chaotic motion with an inverse Lyapunov exponent (i.e., time
scale for divergence of initially adjacent orbits) on the order
of Myr for moderately eccentric, moderately inclined orbits
with perihelia between 30 and 45 AU. Torbett & Smolu-
chowski (1990) extended this work and suggested that even
particles with initial eccentricities as low as 0.02 are typi-
cally on chaotic trajectories if their semi-major axes are less
than 45 AU. Except in a few cases, however, the authors
were unable to follow the orbits long enough to establish
whether or not most chaotic trajectories in this group led to
Neptune crossing.

Since the initial work by Torbett, several authors have
performed simulations involving longer times and larger
numbers of particles. Gladman & Duncan (1990) performed
a 2X107 yr integration of a small number of particles ini-
tially on circular orbits between 30 and 40 AU. Levison &
Duncan (1993) and Holman & Wisdom (1993) performed
more extended integrations, for 10° and 2X10% yr, respec-
tively. In both papers, the authors studied the behavior of
objects initially on low-inclination, nearly circular orbits in-
side of 45 AU. Both groups found that indeed the belt was
dynamically sculpted on million to billion year time scales,
thereby potentially providing a continuing supply of short-
period comets. It was noted by these researchers that particu-
larly stable (or unstable) bands were associated with mean
motion and/or secular resonances, but these correlations were
not investigated further. As we were writing this paper, we
received a preprint from Morbidelli ef al. (1995) which pre-
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sented the results of an approximate analytic study of the
resonant structure of the Kuiper belt. This paper provides a
theoretical understanding of the behavior seen near the mean
motion resonances in the early numerical studies.

The purpose of this paper is to extend our earlier numeri-
cal investigations for times up to the age of the solar system
and for a wider range of orbital elements—in particular to
study orbits of higher eccentricities and inclinations. This
investigation has three goals: (i) to map out better the current
dynamical structure of the trans-Neptunian region and to re-
late its main features to mean motion and secular resonances
where possible, (ii) to determine which regions of the Kuiper
belt are currently unstable and thus may be supplying the
Jupiter-family comets that we see today, and (iii) to combine
the results of these integrations with some simple assump-
tions concerning the original distribution of residual plan-
etesimals in order to build rough models of the current den-
sity distribution in the Kuiper belt.

In Section 2 of the paper we describe how the simulations
were performed and give the basic results. In Sec. 3, we
discuss billion year integrations of some of the observed 100
km bodies in the Kuiper belt and discuss the theoretical im-
plications of these calculations. In Sec. 4 we use the simula-
tions in Sec. 2 to estimate the current number of objects in
the Kuiper belt as well as their surface density distribution. A
summary of our conclusion is presented in Sec. 5.

2. RESULTS OF THE SIMULATIONS

In order to develop a complete understanding of the be-
havior of objects in the Kuiper belt, it is necessary to cover
as wide a range in orbital element space as possible while
integrating the orbits for as long as possible. The ability to
integrate for the age of solar system the orbits of objects in
all regions of orbital element space at the resolution neces-
sary to discover all of the Kuiper belt structure is still beyond
the reach of modern facilities. Thus, the numerical integra-
tions we performed were divided into two sets. In the first,
our intent was to achieve reasonably high resolution in semi-
major axis (Aa=0.05 AU) and to integrate for the age of the
solar system (7=4X10° yr). In this set we restricted our-
selves to the study of 1300 low-inclination orbits (i=1°) at
six values of the eccentricity (0.01, 0.05, 0.1, 0.15, 0.2, and
0.3). In the second set, we reduced the spatial and temporal
coverage (choosing Aa=0.1 AU and 7 =10 yr) to study the
behavior for a wider range of inclinations. Thus, we inte-
grated the orbits of 3000 test particles at three values of
eccentricity (0.01, 0.05, and 0.1) and 8 values of inclination
(5°, 10°, 15°, 20°, 30°, 45°, 60°, and 90°). For each particle
in a run, the initial longitude of perihelion, the longitude of
the ascending node and the mean anomaly were chosen ran-
domly from a uniform distribution between 0 and 2.

The numerical integrations were performed using our
general purpose solar system integration package named
Swift (Levison & Duncan 1994). The integrator that we used
is based on the highly efficient symplectic algorithms intro-
duced by Wisdom & Holman (1991). In some of the simu-
lations described below, we incorporated individual
timesteps for the test particles using the approach of Saha &
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Tremaine (1993). In cases where this was done, we carefully
compared the results from the modified code against one
using fixed timesteps and verified that the results agreed
within the statistical uncertainties inherent in dealing with
chaotic systems.

Our experience with several initial test runs suggested that
particles with pericenters (g) less than 32 AU were greatly
perturbed and thus were unstable. As a result, in the first few
runs, particles were integrated until either they (i) had g <32
AU, (ii) had -apocenters beyond a radius on the order of 100
AU, or (iii) the integration time exceeded the duration 7 of
the simulation. With the discovery of several 100 km Kuiper
belt objects that are currently near 32 AU, it became obvious
(Marsden 1994) that the protection against Neptune encoun-
ters offered by mean motion resonances (notably the 2:3
resonance) was critical to the understanding of the stability
of at least some objects in the Kuiper belt. Therefore, in the
later runs we integrated particles until either they (i) came
within a Hill radius of a planet, (ii) had pericenters interior to
25 AU, (iii) had apocenters beyond a radius on the order of
100 AU, or (iv) survived for the entire duration 7 of the
simulation. Since several CPU months of computer time
were expended on the early runs, we did not rerun them.
However, we inspected the data in these runs to ensure that
no particles which were protected from a Neptune encounter
were erroneously removed simply because they crossed 32
AU.

The key results of our 4 billion year and 1 billion year
integrations are shown in Figs. 1 and 2 (Plates 189 and 190),
respectively. The colored strips indicate the dynamical life-
time (as described in the last paragraph) of a particle as a
function of two of its initial orbital elements; a and e in Fig.
1 and @ and i in Fig. 2. Strips that are colored yellow repre-
sent objects that survived for the length of the integration; 4
billion years in Fig. 1 and 1 billion years in Fig. 2. Objects
that were stable for the length of the integrations typically
had semi-major axes which remained nearly constant, while
some of their eccentricities and inclinations varied. However,
there was no secular growth observed in these quantities. Not
surprisingly, these variations were more pronounced near the
mean motion resonances with Neptune (shown in Fig. 1)
than at large heliocentric distances.

The dark regions show orbital elements that were very
unstable. The regions were depopulated at early epochs and
thus are not the source of the Jupiter-families comets that we
see today. The regions colored orange in Fig. 1 are regions in
which objects remained stable for billions of years and then
went unstable and suffered a close encounter with Neptune.
These regions are potential sources of the Jupiter-family
comets, as we discuss later.

As can be seen from the Figs. 1 and 2, the Kuiper belt has
a complex structure, although the general trends are easily
described. In general, objects with perihelion distances g less
than ~35 AU (shown as a red curve in Fig. 1) are unstable.
Presumably, this is due to the cumulative effects of random
forces due to Neptune exerted near perihelion.

The main exceptions to the trend toward instability at
small perihelion distances are the low-inclination orbits li-
brating in low-order Neptune mean motion resonances. This
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