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Problem 1
Part a
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So when epsilon = 0.3, we get
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Part b
The mass ejected AM can be expressed by
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Then from equation 12.40 we have
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We can once again use the proportionality from expression 4, and the last result for the radii, to get
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For the densities we use expression 6 once more to get
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Part ¢

From the data given we have vy/v; = 1/3. If the cluster formed slowly then for our model it would
obey vy /v; = € and so we get € = 1/3. If the cluster formed rapidly then for our model it would obey
vf/v; = /26 — 1 and so we get € = 5/9. Observations tell us that the value of epsilon corresponding to
star forming regions such as Taurus is only about a few percent, indicating that our simplified model
must be refined.

Problem 2

Part a

By the chain rule
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So we have a separable differential equation that can be integrated as follows:
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Exponentiating both sides of the last equality and using the condition v(0) = vy gives
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Part b

We can integrate the velocity from time 0 to infinity to get the asymptotic distance traveled:
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Making the change of variables x = ¢/t we obtain
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Part ¢

Once again we obtain an expression for position by integrating velocity
t/ )
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Now we use the definition of ¢ in terms of # and w, along with our result from part a, to obtain
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In terms of the dimensionless variables this can be written as
r=1-¢" (21)

Part d

Figure 1 plots r/(¢) for v = 5 and for 6 ranging between —77/24 and 0, including the reflected branch.
We see that this provides a decent match to the image of HH 34 in the textbook.
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Figure 1: Our model for HH34, with v = 5. The tick marks are in units of r



Part e

Using the definitions of v and vy we can solve for w to obtain
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But then since w = 27/Tp, we have
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where we used v = 5 from our result in part d.

Problem 3

Part a

We know that R o< M, in this case, so I will call the constant of proportionality «, i.e., R, = aM,. It is
also true that Voq = R.Q). Making these substitutions into the given expression for {2, and rearranging,

yields
G
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So Veq is approximately constant and independent of mass, as claimed.

Part b

Making the substitutions for R, and using the expression for Vi from part a, we obtain

Ji = aﬁfofeq (25)

Part ¢

Let us assume that as mass flows in it accumulates on the outer radius of the star, so that for a little
bit of added mass dM, its moment of inertia the instant it is added is dM R?. Let us also assume that
this mass dM is moving at speed V.q around the center of the star. So then the angular momentum
added is dM R, V,q and the rate of angular momentum being accumulated is M, R, Veq Or Min‘/;an*

Part d
We begin with

j* == jin - Jout (26)

We can differentiate both sides of our result from part b with respect to time to obtain
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We also have the relations
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Putting everything together we obtain
2M.(Min — Mout)VeqatB = MinVeqaMs — ayVeq M Mous (31)

After canceling, simplifying, and rearranging, we finally obtain
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Note that both the numerator and the denominator in the fraction multipilying M,y are negative.
With that in mind, in order to have M;, > Mgy, we must have v > 1.

Problem 4
Part a
Our simplified expression for Jy is
- r
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We can then use the relation between intensity and mean flux to write
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Part b
Starting with equation 14.1 and plugging in our expression for I from part a we obtain
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We now use the Einstein relation relating A, to By, as found in e.g. appendix B of the text:
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After making the substitution and simplifying, we obtain
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After rewriting AS in terms of s and d, and solving for s, we obtain
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Now we use vy = 1665 Mhz, so that hvg/kp is 0.0799 Kelvin. We also have I'/24, = 2.11 x 108,
T, = 10'3 Kelvin and d = 10'* cm. As a result, we compute

Part ¢

s~ 2.2 x 10 cm (39)

This is a plausible distance, since a typical HII region (where OH masers are produced) is at least 100
times larger.



Part d
This time we use vy = 22 Ghz, so hig/kp is 1.06 Kelvin. We have I'/2A4, = 2.63 x 108, Ty = 104

Kelvin and d = 10'3 cm. So we compute s to be

s~ 1.7 x 10" cm (40)

Again, this is a plausible aamplification distance, since it is about the diameter of a stellar jet, the
environment for many HoO masers.

Problem 5

Part a

For two brightness temperatures 77 and 75, we can use equation 14.1 to derive the following relation:
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In this case we can set Ty = 3 K and Ty = 3 x 10" K. Then T5/T; = 10'>. The maser gain (as per the
definition on page 503) is then In Ty /77 = In 10'° = 34.5.

Part b

From equation 14.26 we see that «ags is equal to the maser gain. So then using equation 14.28 we can

write
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So the line has narrowed by a factor of approximately 5.9, and the linewidth at the source is
approximately 2.9 km s~ .

Part ¢

For particles in thermal equilibrium at temperature T, the RMS speed in any given direction is \/kpT/pu
where 4 is the mean mass per particle. For water u is approximately 3 x 10723 grams. Setting the
speed from part b equal to this thermal speed gives a temperature of about 1.8 x 10* Kelvin. This
temperature is not realistic since water only forms in the cooling regions of shocks at about 500 Kelvin.
According to the text (p. 492), the expected linewidth at the source is close to the observed one of
0.5 kilometers per second. What happens is that the line begins to narrow, and then broadens, back
to its original value as a result of saturation (see p. 504).

Problem 6

Part a

Geometrical reasoning leads to the relation

RAG
cos[m/2 — (6 + A0))] = AL (43)
We then solve for AL to first order in Af to obtain
RAG
AL = sin 6 (44)



Part b

The line-of-sight velocity V) is equal to Vi, cos 6. Thus, the difference in line-of-sight velocities measured
at angular positions 6 and 0 + A6 is

Voo[cos(0 + AB) — 0] = Vo Afsin 6 (45)

where once again we have kept the answer to first order in Af. Setting this equal to the Doppler width

yields
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Part c
Substituting our expression for A from part b into our expression from part a yields
Avp 1 Avp 1
AL=R = 47
Voo sin?6 Voo 1 —cos26 (47)
But we also know v
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So we can rearrange to obtain
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Figure 2 shows a plot of AL/R vs. V,/V4. The observed spectrum should be proportional to what is
shown in figure 2, because when the maser emission is saturated its intensity goes up linearly with the
path length over which it is amplified, and because the observed emission frequencies will be Doppler
shifted by an amount proportional to how V,. changes.

Part d

We can use our result from part b to write Avp/Vy, = sin @A . Substituting this expression into our
answer from part ¢ gives

AL Rsinf
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But we also know from part a that
AL B -
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So combining the last two equations yields
sin?0 =1 — (V,./Vy)? (52)

For a given 6, the observer sees a ring of radius a(f) = Rsinf, and so

a(V) = Ry/1— (V;/Vio)? (53)

Part d

If we let d represent the distance to the maser and A¢ represent its angular diameter as seen by the

observer, then we have the relation
(1/2)dA¢ = R\/1 = (V;/Vo)? (54)

We are given values for d, A¢, and V,.. We also know that V,, will be half of the value of the velocity
difference of the two maser peaks. Solving for R and plugging in all the values gives a radius of
approximately 8 x 106 cm.
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Figure 2: The vertical axis is AL/R, the horizontal axis is V. /V



