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Problem 1
a. The equation of mass continuity is given by formula (3.7) in the book
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where p is the mass density and u the velocity. This equation implies that
across the ionization front the following is required

Polp = p1u1, (2)

where the subscript 0 refers to the neutral gas approaching the front and
the subscript 1 refers to the ionized gas.

In the enviroment of the shock front gravity can be neglected and the
equation of momentum conservation becomes
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I can rewrite this equation by multiplying both sides by p and adding an
additional factor of udp/ot
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where in the second step I combined the first and third term on the left-
hand side of the first equation.
I can rewrite the second part on the lefthand side to
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Furthermore, looking at the eq. 1 I can write the second part of the right-
hand side to
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Substituting this back into eq. 4 gives me

dpu) 1 ou* OP 1 Ou*  ,0p
o 2o "o 2ar  “or (M

Rearranging the terms

opw) _ 0P  Ou?  ,0p
ot ar  Por or
o
= —(P+pu?).
=P+ p?) ®)

Now it is clear that momentum conservation across the shock wave requires
PO + poug = P1 + plu% . (9)

I can replace the pressure P by a?p, where a? is the isothermal sound
speed.
po (a3 +u2) = p1 (a3 +u2) . (10)

Dividing both sides by po and using mass conservation so that p1/py =
ug/uy changes the above equation to

2 (a? +u3) = (aF +uf) - (11)
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Multiplying both sides by wug/u1
2
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which is a quadratic equation for ug/u;.

b. The solution of eq. 12 is
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Figure 1: The value of f in eq. 14 as a function of the velocity of the neutral
gas .

However, for this solution to be physical the formula inside the square root
may not become negative. By expanding the formula inside the square
root

f = (a% +ug) 4a1u0 =0—
—2(2af —ag) ug + a5 =0, (14)

it becomes apparent that this equation can become negative for interme-

diate values of ug (assuming that a? > a3) see Figure 1. Thus u32 has to
be smaller than the smallest root of this function or bigger that the largest
root of this function to guarantee that the above equation is positive. The
roots of the above equation are given by
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Now I see that either
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Furthermore,

U_uy = (a1 —y/a? —a%) (a1 +1/a? — ag) =ai — (af —a) = af.
(18)
. For a3 > ap 1 can neglect the a3 term in the square root of u, so that

Uy = 2ay . (19)

. In an isothermal shock the two isothermal sound speeds, a are equal, thus
a. = ag. Using this, the shock jump condistions in eq. 2 and eq. 10 become

Px U = polUo (20)
ps (ag +ul) = po(af+uf) . (21)

Using the first of these equations I can substitute poug/u. for p, and then
divide by po

u
u_o (af +u?) = af +uj . (22)

Now I can write ag in terms of ug and u,
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Using this equation I can now say that u, = a?/ug. The shock first ap-
peared when uy had fallen to w4, which according to eq. 19 is equal to
2a1, thus
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Looking at eq. 16 and assuming that a; > ag this becomes
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where in the second step I used the fact that for x < 1, V1 —2z ~ 1—x/2.
Comparing eq. 24 and 25 I see that u, = u_, thus the velocity is not in the
‘forbidden’ regime that was equated in part (b) and thus the inequalties
from part (b) are still satisfied.



Problem 2

a. The momentum equation is given by formula (13.11) in the book, however,
there is an extra factor due to the (flux) force of many lines, fraq

L ahdp G,
dr  p dr r2

+ frad - (26)

We can neglect the first term on right, the thermal pressure term, and

replace fraq by
C du\“  C _,
Fraa =5 <T2u_dr) = 5D, (27)

where (r?u)du/dr has been denoted as D, since it must be a constant.
The dimensional constant C' is related to the mass loss rate and the nondi-
mensional «, which lies between 0 and 1, depends on the optical thickness
of the lines.
Finally, multiplying both sides by 72 changes eq. 26 to
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The lefthand side is also equal to D, thus the equation becomes

D =-GM, + CD" . (29)

b. Eq. 29 can be visualized by seeing it as two separate equations. One of
the form
yp=D, (30)

and one of the form
yo = —GM, + CD*. (31)

The first one is just a straight line and since « lies between 0 and 1, the
second equation is either a straight line with slope 0 or 1, or has the form
of a root, see Figure 2. These two lines can have either zero, one or two
intersections, depending on the values of C' and «.

If you want to find the solution to eq 29 that guarantees a single, unique
solution, then you want that the tangent of both the lines where eq. 29 is
satisfied to be equal, thus

dy1  dye
dD ~  dD (32)
1 = aCD* ', (33)
Thus )
C=-D'"". (34)
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Figure 2: The two lines y; and ys as a function of D. Here there are two
intersections, however, this may change to one or zero intersections for other

values of C' and a.

c. Substituting eq. 34 into eq. 29 gives me

1
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Remembering that D = (r?u) du/dr I can find a differential equation for

du/dr
du D aGM, 1
= —. 36
dr  r2u 1—a r2u (36)
This can be solved:
u(r) M T
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here T assumed that u(R.) = 0, where R, is that star’s radius and I have
set the integration constant to zero

d. I can find the velocity at infinity by taking the limit of eq. 37 from r — oo
2aG M,
2 = (38)
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The stellar escape speed is given by

,  2GM,
esc = R* °

Uu

(39)

I can substitute this into eq. 38 to find a relation between the escape speed
and the terminal speed

«@
=ik 2] (40)
For a typical value of o = 0.5 this becomes

Uoo = Uesc - (41)

Problem 3

a. The difference between the situation in this problem and the situation in
the book that gives formula (15.54) is that here we do not assume that
the stellar flux incident on the globule is entirely absorbed. Therefore,
formula (15.54) transforms to

Fo - F1 = / néw a;ec dT, (42)
R
where Fy = N, /(4wd?) is the ionizing photon flux incident on the globule
and F} is the flux actually reaching the ionization front at the base of the
wind.

We can still use the righthand side of formula (15.56) for the solution of
integral in eq. 42 so that

2
Fo—F = (”é) o R. (43)
Defining a nondimensional photoevaporation parameter 3 as
Oél FOR
= e 44
p= tmgbd, (44)
where w; is the speed at the wind base, I can write o/, R in eq. 43 as
Bu?/Fy so that eq. 43 becomes
(n1u1)”
Fy— Fy = . 45
y- R =g (45)

The flux actually reaching the ionization front is ionizing the still neutral
gas beyond the front and is thus creating the wind. Therefore, I can say
that Fy = njuy, where n; is the density at the wind bas, which changes
eq. 45 into

Ff



Dividing both sides by F; and defining a flux ratio ¢ = Fy/F} gives me

1
qf1:3%%q(q*1):§ﬂ- (47)

This is a quadratic equation in ¢ and can be solved to give

gr = % 1+ VT+ (/38| . (48)

Since g > 0 only the plus sign of these two solutions is the physical one,

thus
q= % [1+\/1+(4/3)5} . (49)

. IfR=02pc, Ny =105 d=1pcand u; = 10 km s~ !, then

10498_1
Fy =
47(3.086 - 1016 m)2
= 836-10"m 257!
5 = (2.6- 107 m3s71)(8.36 - 10 m~2571)(0.2 * 3.086 - 106 m)
(104 ms—1)?
= 1.34-10* (50)
1
q = 5{1+\/1+(4/3)*1.34-104
= 67.38 (51)

where for o/, T used 2.6 - 10719 m3s~! given by the book on page 520.

. Since g = Fo/Fy and Fy = njup I can write n; as

F
ny = —0 (52)
qui
Using the numerical results from part (b) this becomes
8.36-10M m2s1
ny = & WS 94 10% e (53)

67.38(104ms1)

. The cloud density immediately in front of the ionization front, ng can be
found by assuming that the thermal pressure in the cloud equals the sum of
the thermal plus ram pressures in the wind. The cloud has a temperature
of 20 K.

Pthermal,c - Pthermal,w + Pram,w . (54)



Using P = kgTp/pumy for the thermal pressure and P = pu? for the ram
pressure changes the above equation to

kTepo kTwp1 9
= —— tpouy
pm g pm g
agpo = p1 (af +ul)
agno = ny (af +ui), (55)

where in the second step I used the isothermal sound speed P/p = a?.

Assuming that v is approximately equal to a; changes the above equation

to )
2nia

ng == (56)
ap

I can calculate ap by remembering that

|RT,
ap = RTe _ 99 1kms. (57)
7

Using this in eq. 56 gives me a density of

2(1.24-10% cm=3)(10 kms™1)2
(0.29kms—1)?2
3-10%cm™®. (58)

ng =

Problem 4

a. The stellar radius as a function of time for a fully convective star is given
by formula (16.33) in the book

R.=Ro(1+71)"""%, (59)
where 7 = t/tg and Ry and ¢ are the initial (i.e. birthline) values of R,

and tky, respectively.
In the limit that 7 > 1 this equation becomes

R. £\ Y3
(72 60
m=(r) (60)
b. I can write tg as
GM?
to=t = = 61
0 KH,0 ROLO ) ( )

where My = M, since there is no more mass accreting onto the star. Also,

Lo = 4nRjopTyy - (62)



However, fully convective stars come down from the birthline onto the
ZAMS in an almost vertical line. Therefore, I will assume that Tog o=7. -
Combining this gives me

GM?
dr RyopT
Placing this into eq. 60
~1/3
Tt(4rop) R To:
.= — —- D el ) 64
R = o (T2 (64)
The blackbody relation is given by formula (16.9¢) in the book
L, =410 R2T2: . (65)
Now I can substitute eq. 64 into the above equation
GM2 2/3
L. = 4dnopRiTos | oot
TOBT0 Left (7t(47raB)Rg Tgﬂ)
GM2 2/3
= (4mop)/? (—) TY® (66)
Tt
. The effective temperature has the following dependency on mass
M \"
Ter = T, 67
=T (5 (67)
where Ty = 4350 K and n ~ 0.2. Using this to replace Teg in eq. 66 gives
me 2/3 4n/3
GM? az (M N\
L. = (4nop)'? (2] 1,7 (== 68
( ﬂ-O—B) Tt 0 M@ ) ( )

which now only depends on M, and t. However, I want to know M,
therefore I need to rewrite the above equation.

4n /3
AAaE/E L (10)**M2"
(47TO'BG2)1/3 T(;l/s
4n/3
L. (Tt)?/3 M
(471'036'2)1/3 T04/3

For an observational sensitivity limit of 0.1Ls and age of 3 Myr this mass
is

3/[4(1+n)]

M, (69)

(3.846 - 102> W)(7 % 9.47 - 1013 5)?/3
(47)1/3(6.673 - 10~ 11 m3 kg~ ' s—2)2/3
(2 . 1030 kg)4/15 ]
(5.76 - 108 Wm—2 K—4)1/3 (4350 K)4/3
= 5.07-10%kg
= 0.25Mg. (70)

Mmin = |:

5/8
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d. From eq. 69 using that the minimum luminosity that we can observe is a
constant, we can deduce that

Mopin o t°/12 (71)

Thus, for younger stars the minimum mass at which we can still detect
them is also lower. Therefore, a star of the mass calculated in eq. 70 can
indeed be seen if it is a younger star only just appearing as an optically
visible, pre-main-sequence object.

Also, looking at Table 16.2 in the book, a star of 0.25 M has about 1 Lg.
This is higher that the sensitivity limit, thus the star will be visible then.

Problem 5

a. The Kelvin-Helmholtz timescale is given by

(72)

If all the stars arrive at the ZAMS with identical central temperatures,
then formula (16.35) in the book tells us that since T, < M,/R, is a
constant, it must mean that M, « R..

The luminosity of the star L, is given by formula (16.3) in the book

L.=4nR20pT2: . (73)

I already know that R2 oc M2, assuming also that T,g varies as M, where
n =~ 0.2, this becomes

L, o< M2MA = pp20+2m) (74)
With this the txg becomes

M? M?
* (X *
R.L. = ppp20+20)

tkH X = M*_(1+4n) ~ M:l'g . (75)

Thus tkyg is longer for smaller masses.

b. In radiatively stable regions formula (16.7) can be used to determine L,
if the total mass and radius are used and (07'/0M,) is set to T'/M.
A 3rL,

= 76
M, 256m20 5 RA (76)

where the opacity & follows Kramer’s Law, & o pT~7/2.
From formula (11.2a) in the book I see that T' scales as M.R;!'. The

density p can be replaced by M, R, 3, so that k o Mfs/QRi/Q. Rearranging
the terms in eq. 76

T*RY MX*R-*R?
x KM, x M*_5/2R1/2M*

L. = MI1MPRIV?. (77)
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Finally, the final central temperature is the same for all masses. Therefore,
I will assume that T, oc M, R ! so that R, o M,. This implies that

L, o< M3, (78)
and that txy becomes
M?2 M?2
t _—r LV
KH X o O s . (79)

. Stars that ha\(e no pr-main-sequance have have txpy < tace = M, /M .
Assume that M =1-107° Mg yr— .
The Kelvin-Helmholtz time of the Sun is
GMqg
RoLe
(6.673-10" " m3kg1s72) (2 10%kg)”
(6.955 - 108 m) (3.846 - 1026 W)
9.98 10"
3.16- 107 yr. (80)

tkmo =

From part (b) I know that

4
t M
bl < Q) : (81)
tkmo  \ M.

Using this in the inequality

t < tace = M.
KH acc — M
KH,® B
' M, M
tkm oMM < M?. (82)

Now I have found M, in terms of which I know the value

RV
M. > (tkoMMY)

M, > [(3.16-107yr)(1-107° Myyr~H)MA]"°

M, > 3.16Mg. (83)
The detailed numerical results displayed in Figure (16.2) in the book show
that there is no pre-main-sequence phase, thus txy < tace, for M, 2 6 Mg.

The simple estimate calculated here is only off by a factor of two, which
seems like a good result considering the simple scaling arguments used.
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Problem 6

a. A fully convective star is a n = 3/2 polytrope. The relation between the
pressure and density is then given by formula (16.15) in the book

P=Kp/3. (84)

According to formula’s (16.21) and (16.22) in the book the radius and
mass of a star of this type are given by

5K 12
87Gpe
90 5K 1Y? 0
M. = dra’p. (-2 ) =dr|—| p/? (-2 . (86
ﬂap<§a€)0 ﬂ[st} Pe 5550 (86)
I can rewrite eq. 85 so I can eliminate p. between the radius and the mass
3/2 3
pL/? = LS L (87)
¢ 8rG R,
Substituting this into eq. 86
5K 1% (&\ [ ,00
M, =47 | — — —£&= . 88
lora) (&) (-5¢), ®
Now I can rewrite this to give my K
) 4 2/3
K== (4m) GM!?R, . (89)

e

However, there is still a dependence on radius. This terms can be elimi-
nated by remembering that the average densty inside a star can be written

as M
P= ATR3 " (90)

I can replace the mass of the star by eq. 86 and the radius by eq. 85

3, ¢2 (80

T e e e,
Using this, I can rewrite eq. 90 to the radius
s 1/3
3M, M,
’ e (82),
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Now, I can substitute this into eq. 89 so K is a function only of M, and
Pe

[(—(«;%1)/3} 3 GMPp 12 (93)
0

Thus the central density is

2
K=-
)

1/3
P. = prS:zLGMf/BpMS,
c 5 509 2/3 c
(-e38), )
= BGMEpi3. (94)
Here 13
2 4
g2 GO s, (95)
5 2/3
752@) }
(-e%),
where 56
—&22 ) =2.71406 96
(%), 50

. Assume that P, is comprised of two components; one following the ideal
gas law and one for a fully degenerate gas where the pressure is given by
formula (16.54) in the book, so that

Pc = Pideal+Pdega
k
= 22T+ Kaeg p2/3 (97)
mp
where 1 has been set to one in the ideal gas law and Kgeg = 7.7 - 1012

[g_2/3 cm? s72]. This can be rewritten to give an expression for 7, as a
function of p. (and M,)

_mH 5/3)
T, = (PC K
kbpc deg pc
m
= D (BGME G — Koy %) (98)

where eq. 94 was used for P,.. For small p. the first term is dominant and

/ 3, while for large p. the second term becomes dominant

e 1
T. will rise as pc
and the central temperature starts to decline as pi/ ? until T. = 0.. The
resulting plot can be found in Figure 3. Since the mass is still unspecified,

there are no numbers given on the axes.

. The maximum central temperature, can be found by differentiating eq. 98
with respect to p. and setting this equal to zero

8Tc mg

1 _ 2 _
e = T (§PO et = S ) <0, (o)
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Pc

Figure 3: The central temperature, T,, as a function of the central density p.

This implies that

BGMIPp % = 2Kaeg '/
3
pGM:"®
¢, max . 100
p1 a 2Kdeg ( )
I can now replace this density in eq. 98 to find Ti,.x for any mass
2
. mar (e [BGMEP| | BGMEP
e Ky . 2K deg 1 2K geg
2
_ma [BGMIPIT 1, 1
Tk | Kae g lides T g des
2/3) 2
- @LGM* ) (101)
A4k Kgeg '

d. The largest mass a brown dwarf can have is set by the value of the maxi-
mum temperature that is still below the hydrogen burning temperature..
The lowest temperature at which protons can fus is about 2-10° K. Thus
the mass corresponding to this Ti,ax is

4kamadeeg 8/4
M, = |——m s 102
e (102)
~ [4(1.38 1010 erg K1) (2 10°K)(7.7 - 10'2 g2/3 cm?* s72) o/
B (1.67-10-24 ¢)(0.4782)(6.673 - 108 cm3 g—1 s—2)2
= 1.06-10%*g = 0.05M , (103)
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which comes very close to the correct result of 0.08 M.
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